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The Six Dimensional Emittance

Six-dimensional phase space vector r = (q1, p1, q2, p2, q3, p3). Define
covariance matrixM with matrix elements
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Then the 6D emittance is given as

ε =
p
det(M)

Several comments are necessary.
• Particles have to be outside magnetic field (or otherwise first calcu-
late their canonical momentum)

• Often it is appropriate to first execute cuts, i.e. discard particles above
certain thresholds

• Reassigning of longitudinal coordinates to proper bucket based on
particular frequency

• Careful balancing of cuts helps maximize figure of merit, which is
based on combination of emittance and transmission



Quad Cooling Cell (4m Cell)
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• Incoming Muons: 180 MeV/c to 245 MeV/c
• Magnetic Quadrupoles: k=2.88
• 35cm Liquid H Absorber: Energy loss ≈ 12 MeV.

The same design as Study II 2.75m sFOFO cell.
• RF Cavity: Energy gain to compensate the loss.

About 200 MHz, φ = 30◦.

COSY Simulation of the Quad Channel

• Transfer Map Method using Differential Algebra (DA)

• Realistic Field Treatment using DA PDE Solver

• Treatment of Deterministic Effects in Transfer Map and
Nondeterministic Random Effects by Monte Carlo Kicks
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 In the above equation (4), (κ2 - κ  - 1) can only be set to 0 locally (at ~76°), but this does not 
guarantee stability in the beta function over a large range in momentum.  The only approach that 
minimizes dβmax/dp over a broad spectrum is to let L approach 0.  No drift between quadrupoles is 
optimal, but the choice of a short drift of ~0.5 m (which corresponds here to a half-cell length of 
1 m) intentionally slows the variation of the maximum beam size with energy and at the same 
time insures a more feasible technical channel design. (Absorbers and rf cavities are not installed 
inside magnet apertures.) The variation of the maximum beta with momentum for this design is 
shown below.   

 
Figure 3. On the left is the phase advance of a FODO cell plotted with respect to an arbitrary 
momentum, p0, whose phase advance has been set to 90°.  On the right is the variation of the peak 
beta function relative to p0 for a half-cell length of 1 m. 
 
When the momentum dependence of the average beta at the absorber was studied, the change was 
also small up to 300 MeV/c due to the slowly varying peak beta values as a function of 
momentum.  In Table 2 is summarized the important optical parameters of this channel as related 
to cooling.  Of particular importance is the stability of the peak beta for a short FODO cell.  The 
minimum beta value is a strong function of energy, but not the peak beta, indicating a large, 
constant geometrical acceptance as a function of energy for a given quadrupole aperture.   
 
Table 2.  Catalog of the important optical functions for the quadrupole cooling cell as a function 
of momentum. 

P  
 

(M e V /c ) 

β  a t 
a b so rb e r 

(m ) 

ν  
p e r ce ll 

(x2 π  ra d ) 

β  
m a x  
(m ) 

β  
m in  
(m ) 

1 5 5  1 .5 7  m  .3 3  3 .8 5  0 .3 5  

2 0 0  1 .6 3  .2 3  3 .1 3  0 .7 1  

2 4 5  1 .9 1  m  .1 8  3 .2 0  1 .1 0  

3 0 0  2 .2 8  m  .1 5  3 .4 5  1 .3 7  

 
 



 

 

 

 

 

 

 

 

 

Figure 4.  Plots of the beta functions for the quadrupole cooling cell at p = 155 MeV/c, 200 
MeV/c and 300 MeV/c. 
 
Constancy of the peak beta function implies that the physical dimension and divergence of the 
beam is maintained independent of energy; i.e. a constant geometrical admittance. By contrast, in 
the solenoidal channel, the normalized admittance is constant because the beta function increases 
with beam energy.  Due to rising beta functions (also indicated by a rapid change in phase 
advance) the solenoidal channel displays a sharp cutoff at 245 MeV/c due to physical apertures.  
Because of the sharp rise as a function of momentum, increasing the solenoid’s apertures further 
(they are already comparable to the quadrupole bores), does not significantly improve the 
momentum performance.  From the table it is evident that the quadrupole channel is still 
responsive at 300 MeV.  The exact cooling limits of the channel will be explored later in this 
work. 

Simulations 
Simulations were performed with the program COSY[9] on the quadrupole cooling cell described 
in the last section: 

• using full nonlinear terms; 
• with/without quadrupole fringe fields[10,11] (including different models); 
• including multiple scattering (hydrogen absorber + windows); 
• energy loss, dE/ds, as a function of energy; 
• full energy loss simulation: straggling and spin; 
• a 200 MHz sinusoidal rf cavity. 

 

Fringe-fields 
Simulations were initiated using a standard Enge function fall-off[12] for the quadrupole end-
field profile which is known to represent fringe field effects to an accuracy sufficient for the 
initial analysis.  
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COSY Simulation of the Quad Channel

•Transfer Map Method using Differential Algebra (DA)
•Realistic Field Treatment using DA PDE Solver for Fringe Fields
• Straggl i ng: Be t h e - Bl o ch Fo r mu l a wi t h Vavilov Mo nt e C a r l o Ki ck s

• Scattering: Gaussian with Monte Carlo Kicks
COSY’s 6D emittance tool is fully compatible withECALC9F (Fernow,
Penn et al.), but completely re-written in COSY language for compatibility
and efficiency.



Particles from Buncher, Phase Rotator
Particle distributions provided by D. Elvira:

“The filesG4Buncher*.out andG4PhaseRot*.out contain the kine-
matic information of a muon beam at the end of the a GEANT4 simulation
of the "Neuffer" buncher and phase rotator, respectively. The input beam
to the buncher was originally generated with MARS, and had previously
gone through 99m of a drift section.
The files are NOW IN ICOOL FORMAT.
G4PhaseRot20f.out contains the beam out from a 9m phase rotator,
which previously went through the 20 freq buncher. The z-location of the
beam in the file is 11m, measured fromthe z-location of theG4Buncher20f.out
beam. The 11m therefore include 2m of drift (from 58m to 60m) and the
9m of the phase rotator.”

ICOOL Format to COSY Format (x, a, y, b, l, δK)
x, a = px/p0, y, b = py/p0,
l = −(t− t0)v0γ/(1 + γ), δK = (K −K0)/K0.
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Between the Phase Rotator and the Quad Channel
To transport the given particle distribution at the end of the phase rotator
(at 1.25T solenoid) to the beginning of the quad channel cell, we have

• Solenoid (1.25T to 0.86T, 7m long. See below)
•Matching quadrupole (k=−8, 10cm long, and 11cm drift)
• Connecting piece of the quad channel to the beginning of the cell (a
focusing quadrupole and a half size absorber with Monte Carlo kicks)
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Processing the Data for the Transfer Map Treatment

For treatment by transfer maps, the distribution in phase space should be
confined so that power series converges quickly.
The given distribution is extremely wide in l - δK, thus this is a chal-
l enge f or the transfer map metho d. We

•Pre-sort the particles by energy
•Divide particles to small groups
•Keeping energy and time-of-flight of the particles in each group very
close

• Find the precise frequency of the system.
Observe: The bunch width is about 5.5 × 10−9 sec. Thus, for p0=245
MeV/c, f=179 M Hz.
Choose: The reference energy of a group: the average energy, and refer-
ence time-of-flight of a group: 0.
Then, we are in business to treat each group in one shot by transfer
maps.
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Phase Space Distribution in COSY Coordinates: Beginning
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Phase Space Distribution in COSY Coordinates: After Solenoid Section
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Phase Space Distribution in COSY Coordinates: After Matching Section
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Phase Space Distribution in COSY Coordinates: After Cell #1
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Phase Space Distribution in COSY Coordinates: After Cell #5
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Phase Space Distribution in COSY Coordinates: After Cell #20

x - a
y - b
t - dE



-0.5

0

0.5

1

1.5

2

2.5

3

3.5

0 10 20 30 40 50 60 70 80 90 100

Quad Cell Number

COSY-ECALC9 computed beta (m) and alpha

beta
alpha
longitudinal beta
longitudinal alpha



0

500

1000

1500

2000

2500

3000

0 10 20 30 40 50 60 70 80 90 100

Quad Cell Number

COSY-ECALC9 computed Total Number of Accepted Particles

n0



-0.01

-0.008

-0.006

-0.004

-0.002

0

0.002

0.004

0.006

0.008

0.01

0.012

0 10 20 30 40 50 60 70 80 90 100

Quad Cell Number

COSY-ECALC9 computed Average x, y (m)

<x>
<y>



-0.025

-0.02

-0.015

-0.01

-0.005

0

0.005

0.01

0.015

0.02

0.025

0 10 20 30 40 50 60 70 80 90 100

Quad Cell Number

COSY-ECALC9 computed Dispersions Dx, Dy (m)

Dx
Dy



-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0 10 20 30 40 50 60 70 80 90 100

Quad Cell Number

COSY-ECALC9 computed Dimensionless Canonical Angular Momentum

Ldim



0.02

0.025

0.03

0.035

0.04

0.045

0.05

0.055

0.06

0.065

0.07

0 10 20 30 40 50 60 70 80 90 100

Quad Cell Number

COSY-ECALC9 computed Transversal Emittance (m)

EM_t



0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65

0.7

0.75

0.8

0.85

0 10 20 30 40 50 60 70 80 90 100

Quad Cell Number

COSY-ECALC9 computed Longitudinal Emittance (m)

EM_long



0

0.0005

0.001

0.0015

0.002

0.0025

0.003

0 10 20 30 40 50 60 70 80 90 100

Quad Cell Number

COSY-ECALC9 computed 6D Emittance (m^3)

EM_6D


	CP06rev3.pdf
	Muon Beam Ionization Cooling in a Linear Quadrupole Channel
	C. Johnstone
	Abstract
	Introduction
	Optics Criteria for a Muon Cooling Channel
	Linear Optics
	Nonlinearities

	Cooling Channel Design
	Design and Staging of Cooling Channels
	FODO-based Quadrupole Cooling Cell
	Simulations
	Fringe-fields
	Absorber and rf cavity:  simulating discrete energy jumps
	Multiple Scattering

	Simulation Results
	Conclusions
	References





